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Abstract 

Let X be a complex Fano manifold of arbitrary dimension, and D a prime divisor 
in X. We consider the image Afi{D,X) oi Afi{D) in Afi{X) under the natural push- 
forward of 1-cycles. We show that px ^ Pd < codim7Vi(-D, X) < 8. Moreover if 
cod\mNi{D,X) > 3, then either X ^ S x Y where 5 is a Del Pezzo surface, or 
codimA/i(D, X) = 3 and X has a fibration in Del Pezzo surfaces onto a Fano manifold 
Y such that px — Py = 4. We give applications to Fano 4-folds, to Fano varieties 
with pseudo-index > 1, and to surjective morphisms whose source is Fano, having some 
high-dimensional fibers or low-dimensional target. 

1 Introduction 

Let X be a complex Fano manifold of arbitrary dimension n, and consider a prime 
divisor D C X. We denote by JVi{X) the K- vector space of one-cycles in X, with real 
coefficients, modulo numerical equivalence; its dimension is the Picard number of X, 
and similarly for D. 

The inclusion i: D ^ X induces a push-forward of one-cycles i, : Mi{D) Afi{X), 
that does not need to be injective nor surjective. We are interested in the image 
Mi{D,X) :— i^,{J\fi{D)), which is the linear subspace of A/i(X) spanned by numerical 
classes of curves contained in D. The codimension of Ni{D,X) in Ni{X) is equal to 
the dimension of the kernel of the restriction R) — s> iJ^(D,R). 

If X is a Del Pezzo surface, then codimA/i(D, X) = ^ 1 < 8. Our main result is 
that the same holds in any dimension. 

Theorem 1.1. Let X he a Fano manifold of dimension n. For every prime divisor 
D C X , we have 

px - PD < codimA/'i(i:',X) < 8. 

Moreover, suppose that there exists a prime divisor D with codmiJ\fi{D, X) > 3. Then 
one of the following holds: 

(i) X ^ S X Y , where S is a Del Pezzo surface with ps > codmiJ\fi{D, X) + 1, and 
D dominates Y under the projection; 

{ii) codimA/i(I?, X) = 3 and there exists a flat surjective morphism ip: X Y, 
with connected fibers, where Y is an {n — 2) -dimensional Fano manifold, and 
Px - Py = 4. 
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When n > 4 and D is ample, one has Mi {D,X) = Mi {X) and also dim A/i {D,X) = 
Pd by Lefschetz Theorems on hyperplane sections, see [Laz04[ Ex. 3.1.25]. However 
in general (lim.Mi{D,X) can be smaller than px'- for instance, the blow-up of any 
projective manifold at a point contains a divisor D = P"^^. 

In case {ii) of Th. II. li the variety X does not need to be a product of lower dimen- 
sional varieties, see Example 13.41 

Theorem 11.11 generalizes an analogous result in |Cas03] for toric Fano varieties, 
obtained in a completely different way, using combinatorial techniques. 

Fano manifolds with large Picard number. The Picard number of a Fano manifold 
is equal to the second Betti number, and is bounded in any fixed dimension ^KMM92] . 
A Del Pczzo surface S has ps < 9, and if X is a Fano 3-fold, then either px < 5, or 
X ^ S Bind px < 10 IMM811 Th. 2]. 

Starting from dimension 4, the maximal value of px is unknown. We expect that 
if Px is large enough, then X should be a product of lower dimensional Fano varieties, 
and that the maximal Picard number should be achieved just for products of Del Pezzo 
surfaces (see also [Deb03[ p. 122]). 

Conjecture 1.2. Let X be a Fano manifold of dimension n. Then 

if n is even 
if n is odd, 

with equality if and only if X ~ Si x ■ ■ ■ x Sr or X = Si x ■ ■ ■ x Sr xW^ , where Si are 
Del Pezzo surfaces with ps^ — 9. 

In particular for rt = 4, we expect that px < 18. To our knowledge, all known examples 
of Fano 4-folds which arc not products have p < 6 (see [CasOSl Ex. 7.9] for an explicit 
example with p = 6). Moreover, \i X ^ S xY \s a, smooth blow-up where S" is a surface 
with PS > 3, then X is again a product, see Rem. 13.371 We refer the reader to |Cas06j 
for related results on the maximal Picard number of toric Fano varieties. 
Let's give some applications of our results to dimensions 4 and 5. 

Corollary 1.3. Let X be a Fano manifold, and suppose that there exists a prime divisor 
D d X such that codim7Vi(D, X) > 3. 

If dim X ~ 4 then either px < 6, or X is a product of Del Pezzo surfaces and 
px < 18. 

If dim X = 5 then either px < 9, or X is a product and px < 19. 
Proposition 1.4. Let X be a Fano A-fold. Suppose that one of the following holds: 
(i) X contains a smooth divisor which is Fano; 
(a) X has a morphism onto a curve; 

(iii) X has a morphism onto a surface S with ps > 2; 

(iv) X has a morphism onto a i- dimensional variety Z with pz > 5; 

(v) X has a morphism onto a 4:- dimensional variety Z with pz > 4, having a 3- 
dimensional fiber, or infinitely many 2-dimensional fibers. 

Then either px < 12, or X is a product of Del Pezzo surfaces and px < 18. 

We recall that a contraction is a morphism with connected fibers onto a normal 
projective variety. It is well-known that contractions play a crucial role in the study 
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of Fano varieties: Mori theory gives a bijection between the contractions of X and 
the faces of the cone of effective curves NE(X), which is a convex polyhedral cone of 
dimension px in Mi{X). In particular, when px is large, X has plenty of contractions. 

As a consequence of Prop. II. 4[ if X is a Fano 4-fold with px > 12, and X is not 
a product, every contraction ip: X ^ Z with > 5 is birational. Using results from 
[AW97) we can give a fairly explicit description of (p, see Rem. 14.41 

Fano manifolds with pseudo-index > 1. The pseudo-index of a Fano manifold X 
is 

Lx = Taiii{—Kx • C I C is a rational curve in X}, 

and is a multiple of the index of X . One expects that Fano varieties with large pseudo- 
index are simpler, in particular we have the following. 

Conjecture 1.5 (generalized Mukai conjecture, |BCDD03] ). Let X be a Fano manifold 
of dimension n and pseudo-index ix > Then 



with equality if and only if X ^ (F^^ . 

The condition > 1 means that X contains no rational curves of anticanonical degree 
one. Conj. 11.51 generalizes a conjecture of Mukai |Muk88| where the index takes the 
place of the pseudo-index. It has been proved for n < 5 [BCDDOSl IACO04] , if X is 
toric |Cas06) . and if lx >n/3 + l |Wis90l IOMHlj02[ IMJTO] . 

Theorem 1.6. Let X be a Fano manifold with pseudo-index tx > 1- Then one of the 
following holds: 

(i) I'X = and there exists a smooth morphism ip: X Y with fiber ¥^ , where Y is 
a Fano manifold with Ly > 1; 

{ii) for every prime divisor D C X, we have Afi{D,X) = J\fi{X), px < po, and the 
restriction H^{X,M.) — > i?^(D,K) is injective. Moreover for every pair of prime 
divisors _Di, D2 in X , we have Di Cl D2 ^ 0. 

Notice that by |BCDD03l Lemme 2.5], if we are in case (i) and Y satisfies Conj. 11.51 
then X does too. 

Surjective morphisms with high-dimensional fibers or low-dimensional tar- 
get. As an application of Th. 11.11 we deduce some properties of surjective morphisms 
Lp: X ^ Z when either Z has dimension 2 or 3, or there is some prime divisor D G X 
such that dim (/?(£)) < 1. We give several statements in different situations; the com- 
mon philosophy is that the Picard number of the target must be very low, and if 
pz is close to the bound, then X is a product. These results apply in particular to 
contractions of X. 

Corollary 1.7 (Morphisms with a divisorial fiber). Let X be a Fano manifold and let 
ip: X ^ Z be a surjective morphism with a fiber of codimension 1. Then pz < 8. 

Moreover if pz > 4 then X ^ S x Y ivhere S is a Del Pezzo surface, divaZ = 2, 
and <p> factors through X — > 5 — > T, with S T a blow-down. 

Corollary 1.8 (Morphisms sending a divisor to a curve). Let X be a Fano manifold 
and ip: X Z a surjective morphism which sends a divisor to a curve. Then pz < 9. 

Suppose moreover that pz ^ 5i. Then X = S x Y where S is a Del Pezzo surface, 
and one of the following holds: 



3 



(i) dim Z ~2 and ip factors through the projection X — S; 

(a) dimZ — 3, Y has a contraction onto P^, and (p factors through X — > S* x ^> 
T xP^ , with S ^ T is a blow- down. 

Corollary 1.9 (Morphisms onto surfaces). Let X be a Fano manifold and ip: X ^ T 
a morphism onto a surface. Then pr ^ ^■ 

Moreover if pr > 4: then X = S x Y where S is a Del Pezzo surface, and ip factors 
through the projection X ^ S . 

Corollary 1.10 (Morphisms onto 3-folds). Let X be a Fano manifold and ip: X ^ Z 
a surjective morphism with dimZ — 3. Then pz < 10. 

Moreover if pz > 6 then X = S x Y where S is a Del Pezzo surface, Y has a 
contraction onto , and ip factors through X ^ S x¥^. 

Corollaries II .91 and 11.101 generalize a result in |Cas08l Th. 1.1], concerning so-called 
"quasi-elementary" contractions of Fano manifolds onto surfaces or 3-folds. 
We conclude with an application to contractions onto a curve. 

Corollary 1.11 (Contractions onto P^). Let X be a Fano manifold, ip: X —i' a 
contraction, and F G X a general fiber. Then px < Pf + 8. 

Moreover if px > Pf + 4, then X = S xY where S is a Del Pezzo surface, ^p factors 
through the projection X ^ S , and = P^ x 1". 

Outline of the paper. The idea that a special divisor should affect the geometry 
of X is classical. In [BCW02] Fano manifolds containing a divisor D = P"~i with 
normal bundle Afn/x — C'p"-i(— 1) are classified. This classification has been extended 
in |Tsu06| to the case Md jx — Opn-i (—a) with a > 0; moreover |Tsu06i Prop. 5] shows 
that if X contains a divisor D with pu — 1, then px < 3. More generally, divisors 
D C X with dimAfi{D,X) = 1 or 2 play an important role in [CasOSi [CasQ9| . 

In section [2] we develop the approach used in |Cas09| to study some special type of 
contractions of X. Here we give an overview, and refer the reader to section [2] for more 
details. 

After |BCHM10] , we know that Fano manifolds are Mori dream spaces (see |HK00| ) . 
Then given a prime divisor D C X we can run a Mori program for —D, which roughly 
means that we contract or flip extremal rays having positive intersection with D, until 
we get a fiber type contraction. If c :— codimA/i(I?, X) > 0, by studying how the 
codimension of Mi{D,X) varies under the birational maps and the related properties 
of the extremal rays, we obtain c — 1 pairwise disjoint divisors Ei, . . . , Ec-i C X, all 
intersecting D, such that each Ei is a smooth P^-bundle with Ei ■ fi — —1, where 
fi C i?i is a fiber. 

Then in section [3] we define an invariant of X as Cx '■= max{codimA/i (D, X) | D is 
a prime divisor in X}, and restate our main result in terms of this invariant (Th. 13. 3p . 
We consider the case cjf > 3, and apply the construction of section [5] to divisors of 
"minimal Picard number", i.e. with codimJ\fi{D, X) — cx- First of all we show that 
there exists a prime divisor Eq with codimA/i(-Eo, ^) = cx, such that Eq is a smooth 
P^-bundle with Eq ■ f^ = —1, where /o C i?o is a fiber. Applying the previous results 
to i?o, we obtain a bunch of disjoint divisors with a P^-bundle structure, and we use 
them to show that X is a product, or to construct a fibration in Del Pezzo surfaces. 
The proof is quite long and divided in several steps. 

At the end of section [3] we prove the corollaries concerning arbitrary dimensional 
Fano varieties. 
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Finally in section |4] we consider in detail the applications to Fano 4- folds. 
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Notation and terminology 

We work over the field of complex numbers. 

A manifold is a smooth projective variety. 

A -bundle is a projectivization of a rank 2 vector bundle. 

The anticanonical degree of a curve C C A is —Kx • C . 

N^{X) is the M- vector space of Cartier divisors with real coefficients, modulo numerical 
equivalence. 

[C] is the numerical equivalence class in Mi{X) of a curve C C A. 

[D] is the numerical equivalence class in M^{X) of a divisor in A. 
= stands for numerical equivalence. 

For any Q-Cartier divisor D in A, {7 e Ni{X) | D • 7 = 0}. 

An extremal ray of a closed, convex cone in R'" is a one-dimensional face. 

If R is an extremal ray of NE(A), Locus(i?) C A is the union of all curves whose class 

is in R. 

If R is an extremal ray of NE(A) and 13 is a divisor in A, we say that D ■ R > 0, 
respectively D ■ R = 0, etc. if for a non-zero element 7 G i? we have 13 • 7 > 0, 
respectively D ■ j — 0, etc. 

If iy9 is a contraction of A, NE((p) is the face of NE(A) generated by classes of curves 
contracted by (p. 

A contraction ip: X — > y is elementary if px — Py — 1; m this case NE((^) is an 
extremal ray of NE(A) with Locus(NE((^)) = Exc((p). 

We say that an elementary contraction ip: X ^ Y (or the extremal ray NE((/3)) is of 
type (a, 6) if dimExc(iy9) = a and dim (y5(Exc(iy9)) ~ b. 

We say that an elementary contraction ip: X Y (or the extremal ray NE((/3)) is of 
type (n — 1, n — 2)*™ if it is the blow-up of a smooth codimension 2 subvariety contained 
in the smooth locus of Y. 

For any closed subset Z of A, A/'i(Z, A) := i^{J\fi{Z)) C 7Vi(A), where i: Z ^ X is 
the inclusion. 

2 Running a Mori program for —D 

In this section we show the following result, which will be the key step for the proof of 
Th.fTTl 

Proposition 2.1. Let X be a Fano manifold and D C X a prime divisor. Suppose 
that c := codim7Vi(I3, A) > 0. 

Then there exist pairwise disjoint smooth prime divisors Ei, . . . , Es, with c — 1 < 
s < c, such that every Ej is a -bundle with Ej ■ fj = —1, where fj C Ej is a fiber; 
moreover D ■ f^ > and [fj] <^Ni{D,X). 
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The proof of this proposition rehes on the fundamental fact, shown in BC HMIO] . that 
any Fano manifold is a Mori dream space. We refer the reader to [HKOOj for the 
definition and properties of Mori dream spaces; in particular we will use the following. 

Proposition 2.2 f [BCHM10) . Cor. 1.3.1 and |HK00j . Prop. 1.11(1)). Let X be a Fano 
manifold and B a divisor in X . Then there exists a finite sequence 

(To 

X — Xq Xi • • • ---> Xk-1 Xk 

such that: 

• every Xi is a Q-factorial projective variety; 

• for every i = 0, . . . , fc — 1 there exists an extremal ray Ri of Xi such that Bi-Ri < 0, 
where Bi C Xi is the transforr^ of B , Locus(i?i) C Xi, and Ui is either the 
contraction of Ri (if Ri is divisorial), or its flip (if Ri is small); 

• either Bk has a positive multiple which is base-point-free, or there exists an ex- 
tremal ray Rk in Xk, with a fiber type contraction, such that Bk ■ Rk < 0. 

Moreover, the choice of the extremal rays Ri is arbitrary among those that have negative 
intersection with Bi . 

A sequence as above is called a Mori program for the divisor B. 

Following [Cas09| . we apply this construction to the case where B = —D with 
D C X a, prime divisor, that is; we consider extremal rays having positive intersection 
with D. If we find an extremal ray R with D ■ R > and Locus(i?) C X, we contract or 
flip R, and restart. Notice that D ^ Locus(i?), because D ■ R > 0. In particular, —D 
can never become effective, hence the program must end with a fiber type contraction. 
We collect in the following two lemmas the results that we need from |Cas09| . 

Lemma 2.3 ( [Cas09| . Rem. 2.6, Lemma 3.6, and Rem. 2.5). Let X be a Fano manifold 
and D <Z X a prime divisor. Consider a Mori program for —D: 

(2.3) X = Xo Xi • • • Xk-i "--^ Xk 

Let Di C Xi be the transform of D, and Ci := codiTaAfi{Di, Xi) (where Dq — D and 
Co = c). Moreover let Ai C Xi be the indeterminacy locus of a^^ , and for i — 2, . . . , k, 
if Ui^i is a divisorial contraction (respectively, if Gi-i is a flip), let Ai C Xi be the 
union of ai^i{Ai^i) (respectively, the transform of Ai^i) and the indeterminacy locus 
of (J~}i . Then we have the following: 

• there exists an extremal ray Rk in Xk such that Dk ■ Rk > and whose contraction 
ip : Xk Y is of fiber type; 

• for all i = l,...,fc the map Xi X is an isomorphism over Xi \ Ai, and 
Sing(X,) CA,C A; 

• if Ri C. Mi{Di, Xi) for some i G {0, . . . , — 1}, then q+i = oi; 

• either Rk C Ni{Dk, Xk) and Ck ~ 0, or Rk ^ Ni{Dk, Xk) and Ck = 1. 

Lemma 2.4 f [Cas09| . Lemmas 3.8 and 3.9). Let X be a Fano manifold and D C X 
a prime divisor. Assume that there exists a Mori program for —D as (j2.3p . where 
moreover —Kxi ■ Ri > for all i — 1, . . . ,k. Then we have the following: 

^More precisely, Bi is the transform of Bi-i if ai_i is a flip, and Bi — (o-i_i)*(i3i_i) if at-i is a divisorial 
contraction. 
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• Xi has terminal singularities for every i = 1, . . . , fc; 

• if Ri <^ Afi{Di, Xi) for some i £ {0,...,fc — 1}, then Ri is of type (n — 1, n — 2)*"*, 
Locus(i?i) r\ Ai — (1), and Ci+i — Ci — 1. 

Now the crucial remark is that since X is Fano, there is always a suitable choice of 
a Mori program where all involved extremal rays have positive anticanonical degree. 

Lemma 2.5. Let X be a Fano manifold and B a divisor on X. Then there exists a 
Mori program for B, in which every extremal ray Ri has positive anticanonical degree. 

This is a very special case of the MMP with scaling, see |BCHMlTTI Rem. 3.10.9]. 
For the reader's convenience, we give a proof. The idea is to choose a facet of the cone 
of nef divisors Nef(X) C Af^{X) met by moving from [B] to [—Kx] along a line in 
Af^{X), and to repeat the same at each step. 

Proof of Lemma \2.5\ We can assume that B is not nef. Set 

Ao sup{A G K I (1 - \){-Kx) + \B is nef}, 

so that Ao G Q, < Aq < 1, and Hq := (1 — \o){—Kx) + AqB is nef but not ample. 
Then there exists an extremal ray Rq of NE(X) such that iJo ■ -Rq = and B ■ Rq < 0; 
in particular, —Kx ■ Rq > 0. 

If Rq is of fiber type, we are done. Otherwise, let (Jq: X Xi be either the 
contraction of Rq (if divisorial), or its flip (if small), and let Bi be the transform of B. 
Then (1 - Ao)(-i^Xi) + Aq-Bi is nef in Xi. 

If Bi is nef we are done. If not, we set 

Ai := sup{A e K I (1 - X){-Kx,) + ABi is nef}, 

so that Ai e Q, Ao < Ai < 1, and Hi := (1 — Ai)(— i^Txi) + Ai_Bi is nef but not ample. 
There exists an extremal ray Ri of NE(Xi) such that Hi ■ Ri — and Bi ■ Ri < 0, 
hence —Kx^ • i?i > 0. Now we iterate the procedure. ■ 

Proof of Prop. \K7\ By Lemma 12.51 we can construct a Mori program for —D where 
every extremal ray has positive anticanonical degree, so that both Lemmas 12.31 and 12.41 
apply. Summing up, for every i = 0, . . . , fc — 1 we have 

^^fc^+i if i?, cA/'i(A,^0 aj^dc-/° ifRkCAfiiDk,Xk) 

\c,+i + l ifR,^Mi{D„X,)' \l iiRk^Mi{Dk,Xk). 

Thus we get: 

c codim AAi(D, X) = # e {0, . . . , k} I i?, ^ Afi (A, X,)} . 

Set s :— c — Ck G {c — 1, c} and let {ii, . . . ,is} Q {0, . . . , fc — 1} be the subset of indices i 
for which Ri ^ J\fi {Di, Xi). By Lemma [2T4l for every j € {1, . . . , s} the map ai - : Xi. 
Xi -^i is the blow-up of a smooth subvariety of codimension 2, contained in the smooth 
locus of Xi-^i; moreover Exc((Ti ) f) Ai =0, hence Exc(cri-) does not intersect the 
loci of the previous birational maps. Let Ej C X be the transform of Exc(tTi-) C Xi.. 
Then Ej = Exc(cri-) and Ei,...,Es are pairwise disjoint in X. Therefore each Ej 
is a P^-bundle with Ej ■ fj = —1, where fj C Ej is a fiber, and D ■ fj > because 
D,^ ■ R,^ > in X,^. . Finally [fj] cMi{D, X) would yield R,^ C M {D,^ , X,^ ) , which is 
excluded by definition, and the proposition is proved. ■ 
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We also need a more detailed description as follows. 

Lemma 2.6 (Conic bundle case). Let X be a Fano manifold and D C X a prime 
divisor with codmiJ\fi{D , X) > 0. Keeping the notation of Lemma \2.S\ and of the proof 
of Prop. \2.1l assume that ip: Xk — > Y is finite on D^. Set a :— ak-i°- ■ -oao: X Xk 
and ijj := if o a : X Y . 

Then there exist open subsets U ^ X and V Y , with Ei, . . . , Eg C U , such that 
ip: U V is a conic bundle, and V is smooth. 

Set moreover Zj :— tl){Ej) C V for every j G {!,..., s}. Then . . . ,Zs are 
pairwise disjoint smooth prime divisors, and ip*{Zj) = Ej + Ej, where: Ej C U is a 
smooth -bundle with fiber fj C Ej , Ej ■ fj = ~1, Ej ■ fj — Ej ■ fj — 1, and fj + fj is 
numerically equivalent to a general fiber of ip, for every j g {1, . . . , s}. 

We refer the reader to |Cas03l p. 1478-1479] for an explicit description of the rational 
conic bundle "0 in the toric case. 

Remark 2.7. Let X be a Fano manifold and D C X a. prime divisor; apply Prop. l^TTI to 

D. If we get s = codim7\/i(I?, X) — 1 divisors Ei, . . . , Eg, then we are in the hypotheses 
of Lemma [2.61 indeed = 1, hence Rk <f. Mi{Dk, Xk) and must be finite on Dk. 

Proof of Lemma \2.6\ Since ■ Rk > 0, every fiber of ip must intersect Dk. On the 
other hand ip is finite on Dk, thus every fiber of ip has dimension 1, and dimK = n~ I. 

Then Ak cannot dominate Y, because codim > 2; recall moreover that Sing(Xfe) C 
Ak. Restricting ip we get a contraction Xk\ip~^{ip{Ak)) Y \ip(Ak) of a smooth vari- 
ety, with —Kxk relatively ample, and one-dimensional fibers. By |And85[ Th. 3.1] (see 
also [AW97[ Th. 4.1]) we conclude that Y \ ip{Ak) is smooth and that ip\Xk-^'p-^{'4>{Ak)) 
is a conic bundle. 

Recall that cr^^ : Xk X is an isomorphism over Xk \ Ak- If Ui := (j^^{Xk \ 
(p~^ {ip{Ak))) , then ip: J7i — >■ K \ p{Ak) is again a conic bundle; in particular it is flat, 
and induces an injective morphism l: Y \ p(Ak) — > Ililb(X). Let H C Ililb(X) be the 
closure of the image of t, and C C H x X the restriction of the universal family over 
Ililb(X). We get a diagram: 



X 



H 



Xk 



Y 



where n: C ^ H and e: C X are the projections, and t is birational. 

Keeping the notation of the proof of Prop. l2. 11 let j e {1, . . . , s} and let T;. C +i 
be the center of the blow-up ai - : Xi. — > Xi^+i. We claim that: 

(i) for every m G {ij + 1, . . . ,k — 1} we have Locus(i?m) H Ti. = 0, and the image 
Tj C Xk of Ti- C Xi-j^i is a connected component of Ak] 

{a) the images ip{T[), . . . , ip{T^),ip{Ak \ {T{ U • • ■ U T^')) are pairwise disjoint in Y. 

Let's first notice that the claim implies the statement. Indeed set 

v^:=r\^(Afc\(Ti'u---ur;)). 

By {i) V is open in Y and ip^'^iV) C cr(dom(cr)), and by (ii) T{ U • • • U T,' C ip^'^{V). 
Set U := cr-i(<^-i(y)) C X. Then Ei,...,Eg C U, and ip: U ^ V is regular and 
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proper. More precisely, every fiber of ^ over V is one-dimensional, and as before we 
see that this is a conic bundle. We have a factorization 



and CT|(7 is just the blow-up of r[ U ■ • • U T^. For every j G {1, . . . , s} we have Zj — 
4'{Ej) = v{Tj), so Zi,...,Zs are pairwise disjoint by (m). Now let Ej C U he the 
transform of (p~^{Zj). Then ■ip~^{Zj) ~ Ej U Ej, and the rest of the statement follows 
from standard arguments on conic bundles. 

We show the claim. The underlying idea is to compare the degenerations in X and 
in Xk of the general fibers the conic bundle. 

Let X G Ti- C Xi-^i and let I <Z Ej <Z X he the (transform of the) fiber of ai- 
over X. 

Let i?o C -ff be a general irreducible curve which intersects 7r(e^^(^)). Since tt is 
equidimcnsional and the general fiber of tt over Bq is P^, the inverse image 7r^^(i3o) C C 
is irreducible. Set S := e{TT~^{Bo)) C X, then 5 n Z ^ by construction. 

Consider the normalizations B ^ Bq and Cb — > '''^^(-Bo) of Bq and tt^^{Bo) respec- 
tively; we have induced morphisms es : Cb S and ttb- Cb — > B. Because Bq is gen- 
eral, i?o ndom(i~^) 7^ 0, and induces a morphism rj: B ^Y. Set Bi := ri{B) C Y. 

Again, since (p is equidimcnsional and the general fiber of (p over Bi is , the inverse 
image ip~^{Bi) C Xk is irreducible; call Sk this surface, which is just the transform of 
S C X under a. 

Recall that ip is finite on Dk, hence no component of a fiber of ip can be contained 
in Ak- On the other hand, by the generality of Bq, the general fiber of (p^s^ does not 
intersect Ak- Therefore Sk can intersect Ak at most in a finite number of points. 

Consider now as ■= <J\s ■ S Sk- Then 0-5 is an isomorphism over Sk \ (SkHAk), 
hence by Zariski's main theorem ^ := as ° sb '■ Cb Sk is a morphism. 




Let y € B he such that C :— 65(77^^(7/)) C S intersects I. Since C is numerically 
equivalent in X to a general fiber of -0, we have —Kx -(7 = 2 and Ej ■ C ~ 0; in 
particular C has at most two irreducible components, because —Kx is ample. 

Set / :— p~^{ri{y)). Since / is numerically equivalent in Xk to a general fiber of 
p, we have —Kx^ ■ / = 2. Recall that no irreducible component of / can be contained 
in Ak', on the other hand, / must intersect Ak, otherwise as would be an isomorphism 
over f,C = ag^{f ), and C n i5j = 0, a contradiction because I C Ej. 

Let's show that / is integral. Indeed let Ci be an irreducible component of /. If 
Ci n Afc = 0, then Ci is contained in the smooth locus of Xk and —Kx^ ■ Ci > 1. If 
instead CiC] Ak ^ 0, then }Cas09[ Lemma 3.8] gives —Kx^, • Ci > 1. Therefore / must 
be irreducible and reduced. 

For every z G {0, . . . , A; — 1} let /i C be the transform of / C Xk (where Xq = X) . 
Again by |Cas09[ Lemma 3.8] we get —Kx • fo < —Kx^ '7 = 2, hence —Kx • /o = 1- 



9 



Notice that ^(tt^ (y)) C Sk is contained in /; on the other hand ^ cannot contract 
to a point a fiber of ttb, hence ^(7r^"^(j/)) = /. Then /o C C, because C = es(7r^^(y)), 
and we get C = /o U C", where C" C X is an irreducible curve. ^ 

Since / Ak, we have /o Ej; in particular Ej ■ fo > 0. If E'j • /o = 0, then also 
Ej ■ C = and C C Ej, which is impossible. Hence Ej ■ fo > 0. 

Consider now the blow-up ai- : Xi. X^^+i. We have Exc(cri^) • fi. = Ej ■ fo > 1, 
hence using the projection formula we get — -fCx^.+i ■ fij+i > —Kxi. ■ fij + 1- On the 
other hand [CasOQ) Lemma 3.8] gives 

1 = -Kx ■ fo < -Kx^^ ■ 4 and - Kx,^^, ■ 4+1 < -Kx, • / - 2. 

We conclude that Exc{ai-) ■ fi^ = 1, -Kx ■ fo ^ ~Kx,^ ■ fi^, and ~Kx,^+i ■ fij+i = 
—Kxk ■ /j and again by jCasOQl Lemma 3.8] this implies that for every m e {0, . . . , fc — 
1},TO ^ ij, Locus(i?m) is disjoint from /,„. 

We show that C" = I (recall that ^ C X is the tranform of the fiber of Ci- over 

X G Ti-). Since C intersects /o and /o fl Locus (i?o) = 0, we see that C is not contained 
in Locus(i?o)- Iterating this reasoning for every a„i with m G {0, . . . ,ij — 1}, we see 
that C" intersects the locus where X Xi. is an isomorphism; let C C Xi. be its 
transform. 

If Ui - (C) were a curve, then by the same reasoning it could not be contained in 
Locus(i?m) for any m = «j + 1. . . . , fc — 1, and in the end we would get a curve C Xk, 
distinct from /, which should belong to S,{'ng^{y)), which is impossible. Thus C' must 
be a fiber of Ui . . On the other hand Exc((Ti . ) ■ fi = 1, thus . intersects a unique fiber 
of (Ti . , and C" = I. 

In particular this implies that x G fi^+i H Ti^ . Since x G Ti^ was arbitrary, we have 
shown (i). Moreover in Xk we have / n {Ak \ Tj) = 0, which yields (^"^ ((^(Tj)) n {Ak \ 
Tj) = 0, and we get {ii). ■ 

Remark 2.8. Prop. 12.11 implies at once that if X is a Fano manifold of dimension 
n > 3, and D <Z X is a, prime divisor with diinAfi{D, X) = 1, then px < 3 (see |Tsu06[ 
Prop. 5] and |Cas08l Prop. 3.16]). Indeed any two divisors which intersect D must also 
intersect each other, so that in Prop. [2TT] we must have s < 1 and codimA/i(-D, X) < 2. 

Corollary 2.9. Let X be a Fano manifold with pseudo-index > 1- For every prime 
divisor D C X , we have 

Px - Pd < codiinJ\fi{D,X) < 1. 

Moreover if there exists a prime divisor D with codimA/i(-D, X) — 1, then lx = 2 and 
there exists a smooth morphism (p: X ^ Y with fiber P^, finite on D, such that Y is a 
Fano manifold with Ly > 1- 

This Corollary implies Th. 11.61 (iust notice that if Di, D2 C X are two disjoint divisors, 
thenM(£'i,X) C CMi{X)). 

Proof. Suppose that D C X is a prime divisor with codimA/i(-D, X) > 0, and apply 
Prop. BTTl Since X contains no curves of anticanonical degree 1, we must have s = 
and codimA/i(£', X) = \. By Rem. 12.71 we are in the hypotheses of Lemma [2T6l 

Keeping the same notation as in the proof of Prop. 12. 1[ we show that A: = and 
X = Xk- Indeed if not, we have ^fc ^ in Xk- Take / a fiber of ip intersecting Ak- 
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Then, using |Cas09[ Lemma 3.8] as in the proof of Lemma [2761 we see that / is integral, 
and that the transform / C X of / has anticanonical degree 1 in X, a contradiction. 

Thus we get a conic bundle (p: X ^ Y, which is finite on D. In fact, since X 
contains no curves of anticanonical degree 1, ip must be a smooth fibration in P^. Then 
Y is Fano by |Wis91[ Prop. 4.3], and finally we have ty > = 2 by |BCDD03I 
Lemme 2.5]. ■ 



3 Divisors with minimal Picard number 

Let X be a Fano manifold, and consider 

cx max{codim7Vi(I?, X) | _D is a prime divisor in X}. 

We always have < cx < Px — ^- If S* is a Del Fezzo surface, then C5 = — 1 G 
{0,...,8}. 

Example 3.1. Consider a Fano manifold X — S x Y , where is a Del Fezzo surface. 
Then cx = max{p5 — l,cy}. More precisely, for any prime divisor D <Z X, we have 
three possibilities: 

• D = C y.Y where C c 5* is a curve, and codim A/K-D, X) ~ ps — 1; 

• D ~ SxDy where Dy C F is a divisor, and codimA/i(-D, X) ~ codim7Vi(I?Y, F) < 

cy; 

• D dominates both S and Y under the projections, and codimA/i(I3, X) < ps — 1- 

Indeed suppose that D C X is a prime divisor with codimA/KZ?, X) > ps ~ I- Then 
dimJ\fi{D, X) < py + 1, so that D cannot dominate Y under the projection, and 

S X Dy. 

Example 3.2. If X is a Fano manifold with pseudo-index lx > 3 (for instance X — 
P"i X • • • X P"- with 71, > 2 for aU i = 1, . . . , r), then cx = by Cor. [2H 

We are going to use Prop. [^TT] to prove the following. 

Theorem 3.3. For any Fano manifold X we have cx < 8. Moreover: 

• if Cx ^ then X = S x Y where S is a Del Pezzo surface, ps = cx + 1, and 

Cy < Cx; 

• if Cx ~ 3 then there exists a flat, quasi- elementary contraction X ^ Y where Y 
is an {n — 2) -dimensional Fano manifold, px — py = 4, and cy < 3. 

A contraction ip is quasi- elementary if ker tp* is generated by the numerical classes of 
the curves contained in a general fiber of tp; we refer the reader to |Cas08j for properties 
of quasi- elementary contractions. In particular, in the case where cx = 3 in Th. 13.31 
the general fiber of the contraction X Y is a Del Pezzo surface S with ps > 4. 

Example 3.4 (Codimcnsion 3). Let n > 3 and Z = Pp„-2(0®2 q 0{1)). Then Z is 
a toric Fano manifold with pz — 2, and the P^-bundle Z — )■ P"^^ j^g^g ^^j^j-gg pairwise 
disjoint sections Ti,T2,T3 C Z which are closed under the torus action. Let X ^ Z 
be the blow-up of Ti,T2,T3. Then X is Fano with px = 5, and it has a smooth 
morphism X p»-2 gygh that every fiber is the Del Pezzo surface S with ps = 4. 
If C X is one of the exceptional divisors of the blow-up, one easily checks that 
Px — Pe = codmiAfi{E, X) = 3, hence cx > 3. However X is not a product, thus 
cx = 3 by Th. ESI 
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The proof of Th. 13.31 will take all the rest of section 3; we will proceed in several 
steps, and here we give a plan. The first part consists of preliminary results, while the 
actual proof of Th. 13.31 is given in the second and third parts. 

- In j; ij3.5l and l3.11l we consider what happens when one applies Prop. l^TTl to a prime 
divisor D with codimJ\fi{D, X) ~ cx- We show some properties of the divisors 
El, . . . , Eg obtained in this way; these will be crucial in the following steps. 

- In i) ii3.15l - 13.211 we consider the case where either cx > 4, or cjc = 3 and X 
satisfies an additional assumption fsee I3.12() . Under these hypotheses we show 
that X ^ S X Y , where S" is a Del Pezzo surface. An outline of this part of the 
proof is given in H3.15I 

- In ij i|3.23l - 13.321 we consider the case where cx — i and X does not satisfy the 
assumption of the previous part. We construct a flat, quasi-elementary contraction 
of X onto an (n — 2)-dimensional Fano manifold, with the desired properties. An 
outline of this part of the proof is given in t J3.23l 

3.5. Let AT be a Fano manifold, and consider a prime divisor D d X such that 
codimA/KZ?, A) = cx- Applying Prop. [2?T] to D, we get s > cjc — 1 divisors Ei, . . . ,Es. 
The first step is to study how Afi{D,X), Ni{Ei,X), and Ni{D n Ei,X) are related; 
this will be done in the next two lemmas, which concern respectively the cases s > 2 
and s > 3. The key properties that we show are the following: for every « = 1, . . . , s 

(3.6) if s > 2, then codimJ\fi{E,, X) = cx] 

if s > 3, then K>o[/i] is an extremal ray of type (n — 1, n — 2)*™, and 
iE'i,)\DnE, = 0. 

We show also some technical properties which are needed in the sequel. 

Lemma 3.8. Let X be a Fano manifold, D <Z X a prime divisor with codimA/i(I?, A) = 
Cx, and Ei, . . . , Eg C A the divisors given by Prop. \2.1\ applied to D. Assume that 
s>2. 

Then codimAfi{Et, X) = cx for every i ^ I,.. . ,s, and Mi{Dr\Ei, X) = Ui{D, A)n 
Ej^ for every i ^ j . 

Proof. Let i, j G {1, . . . , s} with i ^ j. Since Ei n Ej = 0, we have Ej • Ci = for every 
curve Ci C D f) Ei. On the other hand D H Ej ^ 0, hence there exists some curve 
C2 C D with Ej ■ C2 > 0. Therefore we get: 

Afi{DnE,,X) <zMi{D,x)r\Ej- <zMi{D,X). 

Consider now the P^-bundle structure on Ei. Since D ■ fi > Q, D D Ei must dominate 
the basis of the P^-bundlc, hence we have: 

MiiE,,X) = R[f,] +Mi{DnE,,X). 

Then dimA/l (£^1, A) < 1 + diuiAfi{D n E,,X) < dimA/l (£>, A), which implies that 
dimAfi{Ei,X) = dimAfi{D, X) = px-cx- Moreover we see that dim A/KL'ni;^, A) = 
Px-cx- 1, thus A/'i(i:'n£:i,A) =AAi(Z3,A)n£;/. ■ 

Lemma 3.9. Let X be a Fano manifold, D C X a prime divisor with codim A/i {D, A) = 
Cx, and Ei, . . . , Eg C A the divisors given by Prop. \2.1\ applied to D. Assume that 
s > 3. 
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Then for every i — 1, . . . , s the ray Ri :— ]R>o[/i] is extremal of type (n — 1, n — 2)^™, 
with contraction Lpi: X ^ Yi where Ei — Exc(iy9i) and Yi is Fano. 

Moreover there exists a linear suhspace L C Mi{X), of codimension cx + 1; such 
that: 

(3.10) L=Mi{DC]E^,X) =Ni{D,X)r\El = J\fi{E,, X)nE^ for every i = l,...,s. 

Proof. Set L :— Ni{D n Ei,X)\ Lemma [3.81 already gives that codimL ~ cx + I and 
that L — Ml {D, X) n E^ for every i = 2, . . . , s. If i, j G {2, . . . , s} are distinct (recaU 
that s > 3), again by Lemma 15751 we get 

L^Afi{D,X)nE^ ^ Mi{Dr\Ej,X) ^Ni{D,X)r\Ei. 

Finally let i G {1, . . . , s}. Since -B^ • = -1, we have Mi{E,,X) g E^ . Therefore 
dim M {E, , X) n E:t = dim L, but L C Mi {Ei , X) n E^ , so we get ([XTU]) . 

Let's show that Ri is an extremal ray of type (n — 1, n — 2)*™ in X. Notice first of 
all that {~-Kx + Ei) ■ fi =0 and {—Kx + Ei) ■ C > ioi every irreducible curve C not 
contained in Ei. Now if C C Ei, we know by |ACO041 Lemma 5.1] that C = \fi + ^C, 
where C C DnEi, X eR and ^ e R>o. Thus 

{~Kx + Ei) ■ C - ii{-Kx + E,) ■ C = ^i{-Kx) • C > 0, 

so that —Kx + Ei is nef and {—Kx + £"1)^ H NE(X) = Ri is an extremal ray. Since 
D- Ri > and i?j ^ J\fi{D,X), [Cas09[ Lemma 3.9] yields that Ri is of type {n-l,n- 
2)"™. Finally -Kx + Ei = ip*{-Ky,), thus -Ky, is ample and Y, is Fano. ■ 

3.11. We consider now a Fano manifold X satisfying the following: 

Assumption 3.12. Either cx > 4, or cx = 3 and for every prime divisor D C X with 
codimJVi{D,X) = 3, applying Prop. [2?T] to D we get s — 3. 

By (|3.6p and (j3.7p there exists a prime divisor Eq C X such that codimA/i (-Eo, X) ~ cx 
and i?o = Locus(i?o)j ^0 an extremal ray of type (n — 1, n — 2)^™. We apply Prop. 12.11 
to Eq, and get divisors Ei, . . . , E^, with s > 3 by our assumption. 

Let : Eq ^ Fq he the P^-bundle given by the contraction of Rq. Since Ei, . . . ,Es 
are pairwisc disjoint, either Eq n i^i is a union of fibers of tt for every i — 1, . . . ,s, orvr 
is finite on Eq H Ei for every i — \, . . . , s. In Lemma l3.13l we show that up to replacing 
Eq with another divisor with the same properties, we can always reduce to the second 
situation, and assume that Eq n Ei, . . . , Eq n Es are horizontal for n. 

Fix now i £ {1, . . . , s}. The second important fact is that in this situation, the 
roles of Eq and Ei are exchangeable, so that p.7p yields both {Ei)^EonEi = and 
{EQ)\EonEi = 0- Using this, we show in Lemma [3. 141 that the P^-bundle structures on 
Eq and Ei are trivial, so that all these divisors are products. 

Lemma 3.13. Let X be a Fano manifold satisfying assumvtion \3.1^ 

Then there exists an extremal ray Rq of type {n — l,n — 2)'"", with contraction 
ifQ'. X ^Yq and exceptional divisor Eq, such that Yq is Fano, codimA/i(i?o, ^) — cx, 
and if Ri, . . . , Rs are the extremal rays given by Lemma \3. 9\ applied to Eq, we have 
Ei ■ Rq > for all i = 1, . . . , s, where Ei — Locus(i?i). 

Proof. Notice first of all that by our assumptions, ii D C X is a. prime divisor with 
codimJ\fi{D, X) = cx, applying Prop. [TT] to D we always get s > 3, hence Lemma 
holds. 
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In particular, there exists an extremal ray 5"° of type (n — l,n — 2)^™ such that 
codiniA/i(i?°, X) = cx, where := Locus(S'''). Moreover the target of the contraction 
of 5" is Fano. We apply Lemma 13.91 to S", and get extremal rays S\, . . . ,3]. with 
exceptional divisors E\, . . . , El_^ . 

Let i e {1, . . . , si}. We have E] ^ E°, thus E} ■ S° > 0. Because E} n E° ^ 9, 
if El ■ S'^ — then El contains some curve with class in S'^. Since El, ... , El^ are 
pairwise disjoint, there are just two possibilities: either El • 5° > for all z = 1, . . . , si, 
or El ■ S'O = for aU i = 1, . . . , si. Thus if El ■ S"" > 0, we set i?o = 5"° and we have 
the statement. 

If El ■ — 0, then we restart with El. Proceeding in this way, either we get an 
extremal ray i?o as in the statement, or we construct iteratively a sequence of extremal 
rays 5"°, S'^ = Sl,S^,..., of type (n - 1, n - 2)^"", such that: 

(a) if E'' is the exceptional divisor of , we have codimA/i(i?*, X) — cx, for every 
I = 0, . . . , ft.; 

(6) E'-^ • > and S' (t J\fi{E'-^,X) for every i = 1, . . . , ft; 

(c) E' -3^ = and E' D E^ ^ (/} for every < j < i < h. 

Indeed, suppose that 3^, . . . , S'^^^ are given. Then we apply Lemma 1531 to E^^^ , and 
we get extremal rays 3^{, . . . , such that E^-^ ■ 5^ > 0, 5^ ^ AfiiE''-\X), and 
codimA/i(i?f , X) = cx for every 1 = 1,..., Sh, where Ej^ := Locus(S'f ). 

If E!^ ■ 3'^~^ > 0, we set Rq := 3'^^^ and we have the statement. 

Let's assume that iJj' ■ 3^'^ = 0, and set 3'' := 3[\ Then 3°,..., 3^ satisfy (a) 
and (b). Let's show that Ej" ■ 3^ = and Ej" n E^ ^ 9 for all j = 0, . . . ,h - I and 
Z = 1, . . . , s/i; in particular this gives (c). 

We proceed by decreasing induction on j: suppose that ■ S"* = and Ej^OE'^ ^ 
for j < i < h ~ 1 and for every Z = 1, . . . , s^. Then Ej^ contains a curve in 3^ and 
E^-^ ■ 3^ > 0, hence Ej" n E^'^ ^ 0. Moreover • 5^ implies that 7^ £;^-\ 
thus • 3^-^ > 0. 

Notice that again, since E^, . . . , E]^^ are pairwise disjoint, the intersections El^-3^~^ 
are either all zero or all positive. 

By contradiction, suppose that Ej^ ■ 3^^^ > 0. Then 

N'i(E^-\X)=R{3^-'^)+J\fi{E^-^nE'i\X), 

hence codimN'i{E^-^ n E'i\X) < cx + l- As in the proof of ((XTU)) . using that 
Ei,...,E^^ are pairwise disjoint and Sh > 3, we deduce that Mi{E^~^ fl Ejl,X) = 
Afi{Ei'\X)n {Ef)^, and hence also 

Ui{E'-'-^ r\E'l,X)=Ui{El',X)r\{El')^. 

But this is impossible, because 5*^ C Ui{El\X) n (Sf )^ while 3^ t Mx{E^-^,X). 

Consider now a sequence of extremal rays 3^ , ... ,3^ satisfying (a) and (c) above. 
Then WyS^ + ■ • ■ + 5''*) has dimension ft + 1 and is contained in M\{E^ ,X'), which yields 
ft < Px — Cx- This means that after finitely many steps we achieve an Rq as in the 
statement. ■ 

Lemma 3.14. Let X be a Fano manifold satisfying assumvtion \3.1'A and consider the 
extremal rays Rq, Ri, . . . , R^ and the divisors Eq, . . . , E^ given by Lemma \3.13[ 

Then for every i = 0, . . . , s we have Ei = x Fi, with Fi an {n — 2) -dimensional 
Fano manifold. Moreover A/i({pt} x Fi,X) = L C Eq, where L C J\fi{X) is as 
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in (jS.lOp . and Ri is the unique extremal ray of NE(X) having negative intersection 
with Ei. 

Proof. Recall that by Lemma 13.91 

L ^ Ni{Ear\E,,X) =J\fi{Eo,X)nE^ ^ Afi{Ei, X) n E^ for every i = l,...,s 

and codimL = cx + 1. Since Ei-Rq > 0, we have J\fi{Eo, X) = RRo+Afi{EonEi,X), 
so that Ro Ni{Eq n Ei,X). Moreover Ni{Eq n Ei,X) C Mi{Eo,X) r\ Ni{Ei,X), 
and for dimensional reasons we see that they coincide, hence i?o -^liEi, X). 

Consider now Prop. \TJ\ applied to the divisor Ei. We claim that we can construct a 
Mori program for —Ei such that every extremal ray has positive anticanonical degree, 
and moreover the first extremal ray is exactly Rq- Indeed since Yq is again Fano, we 
can just apply Lemma 12.51 to Yq in order to construct the rest of the sequence. The 
output of Prop. \TJ\ applied to Ei will be si > 3 pairwise disjoint divisors Fi,. . . ,Fs-^, 
with Fi = Eq. Now by p.lOp we conclude that L C E^; in particular 

N'i{EQnEi,X) ^N'i{Eo,X)nE^ ^ Ni{Ea,X)r\E^. 

Therefore considering the divisor G := {Ei)\Eo ^o, we get Afi{G,Eo) C = 
{Eo\Eo)'^ in Afi{Eo). This means that G is nef and G • C = for every curve C C G. 

Let i: Eq '-^ X he the inclusion and take 7 € NE(i?o) n G^ with 7 7^ 0. Then 
i,(7) e NE(X) n E^, hence: 

-Keo ■ 7 = -{Kx + Eq) ■ i,(7) - -Kx ■ i*(7) = {-Kx)\Eo " 7 > 0. 

By the contraction theorem, there exists a contraction g: Eq ^ Z such that —Keq is g- 
ample and NE(5) = NE(i;o)nG^ (see for instance |Deb011 Th. 7.39 and Rem. 7.40(1)]). 
In particular g sends G to a union of points, hence divaZ = 1. Because G • /o > 0, g 
does not contract the fibers of the P^-bundle on Eq, and Z = F^. 

By jCas09[ Lemma 4.9] we conclude that Eq = P^ x Fq, where Fq is a Fano manifold 
of dimension n — 2. Moreover A/i({pi} x Fq, X) is contained in L and has codimension 
at most 1 in J\fi{EQ,X), thus it coincides with L. Finally if R is an extremal ray of 
NE(X) with Eq-R<0, then R C i^{NE{EQ)) C Rq + (NE(X) n L), therefore R = Rq. 
The proof for Ei, . . . ,Es is analogous. ■ 

Proof of Theorem[IM 

3.15. Outline of the proof when X satisfies assumption 13.121 In paragraphs 
l3.16l - [X^ we are going to show that under assumption l3 . 1 21 we have X S xY, where 
S" is a Del Pezzo surface. 

Let's first see how this implies Th. 13.31 for X. We have cx = niax{p5 — 1,01-} 
(see Ex. 13. ip . and if cjsf = — 1, we have the statement (if cx — 3, we just take the 
projection X ^Y). 

Suppose instead that ps — 1 < cx, hence cy = cx > 3. Again by Ex. 13.11 any 
prime divisor D C X with codimA/i(-D, X) = cx will be a product D — S x Dy, where 
Dy C F is a prime divisor with codimA/i(-Dy, Y) — cy. It is then easy to see that Y 
too satisfies assumption 13. 121 so we can iterate the procedure and get Y = S2 x Y2. In 
the end we write X as a product 5*1 Y' where cx = PSr ^ 1; ^'^d we are 

done. 

Let's now give an outline of the proof that X is a product. Let Eq, . . . ,Es C X be 
the divisors constructed in Lemma 13.131 
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In ij3TT6]we show that Ei, . . . ,Es are the exceptional divisors of the blow-up a: X ^ 
Xs of a Fano manifold X^ in s smooth condimension 2 subvarieties. Moreover there is 
an elementary contraction of fiber type ip: Xs — >■ Y such that ii ip ip o a: X — > Y, 
then iP{Eq) = Y, and ip is finite on {pt} x Fq C Eq (recaU that £'0 = x Fq). We have 
then two possibilities: either -0 is not finite on Eq and dimy ~ n — 2, or ■0 is finite on 
Eq and dim Y = n — 1. 

We first consider the case where is not finite on Eq, in ii3.17l We use the divisors 
Eq, . . . , Es to define a contraction X ^ S onto a surface, such that the induced mor- 
phism tt: X — > 5 X y is finite. Finally we show that in fact tt is an isomorphism; here 
the key property is that Eq, . . . , E^ are products. 

Then we consider the case where ip is finite on Eq. In this situation Y is smooth, 
and both ip and are conic bundles. If Ti, . . . , C Xs are the subvarieties blown- up 
by cr, the transforms Ei, . . . , Es C X of (p^^(iy9(Ti)) are smooth P^-bundles. 

In i )3.201 as a preliminary step, we study how Mi{Ei,X), Mi{Ei,X), and Mi{Ei n 
Ei,X) are related; this is similar to WS.51 and as for Ei we show that Ei =¥^ x Fi for 
every i = 1, . . . , s. 

Since ip{Eo) = y, F is covered by the family of rational curves ip{F^ x {pt}). In 
iJ3.21l we use a result from |BCD07) to show that in fact these rational curves are the 
fibers of a smooth morphism Y Y', where dimF' = n — 2. 

In this way we get a contraction X ^ Y' , and we proceed similarly to the previous 
case: we use the divisors Eq, Ei, . . . , Es, Ei, . . . , Es to define a contraction X —i' S onto 
a surface, and show that the induced morphism X S x Y' is a.n isomorphism. 

3.16. Let X be a Fano manifold satisfying assumption 13.121 and let £^07 . • . be as 
in Lemma 13.131 Recall that L — 7Vi(-Eo r\ Ei,X) C Ej- for every i — 1, . . . , s and 
j = 0, . . . , s. We construct explicitly a Mori program for —Eq. 

If R is an extremal ray of NE(X) different from Ri, . . . , Rs, we have Ei ■ R > 
for every i = 1, . . . , s, hence {—Kx -\- Ex + ■ ■ ■ + Es) ■ R > 0. On the other hand 

{-Kx +Ei^ \- Es) ■ Ri = ioT every i = 1, . . . , s, so that -Kx + Ei -\ \- Es is 

nef and 

{-Kx +Ei + --- + Es)^ n NE(X) = Ri + --- + Rs 

is a face of NE(X). Since [fi], . . . , [fs] are linearly independent in Afi{X), this face 
has dimension s, and its contraction cr: X — >■ Xs is the simultaneous blow-down of 
Ri, . . . , Rs- Moreover Xs is again smooth and Fano. 

Set Ds :— (t{Eq) C Xs. The normahzation of Ds is Eq = x Fq, and a is the 
blow-up of s smooth subvarieties Ti, . . . , C Ds which are images of {pt} x Fq C Eq. 
If L : Ds ^ Xs is the inclusion, we have: 

Afi{Ds,Xs)=R[(j{fQ)](B<J,{L), Afi{T„Xs)=a,{L) for every z = 1, s, 
and L^NEiDs)) C R>o[ct(/o)] + (NE(X,) n a^L)) . 

Finally, since a*{Ds) — Eq + X]i=i(-^o • fi)Ei, using the projection formula we see that 
Ds ■ cr(/o) > and a^L) C D^. 

Suppose that there exists an extremal ray R of Xs with a birational contraction and 
such that Ds ■ R> 0. 

If there is a curve Cq C Ds with [Cq] G R, then R = M>o[o'(/o)] and Locus(_R) D Ds, 
which is impossible. Therefore the contraction of R is finite on Ds , and as in the proof 
of |Cas091 Lemma 3.9] we see that R is of type {n — l,n — 2)'*™ and E^i :— Locus(i?) is 
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a prime divisor with n (Ti U • • • U T^) =0. In particular Eji ■ Ci = for every curve 
Ci C Ti, hence cr*(L) C iJ^. Moreover iJ^j ■ cr(/o) > because Er ^ Dg- 

Suppose that R C A/i(I?s,Xs), and let C2 be an irreducible curve with class in R. 
Then [C2] = A[cr(/o)] +7, with A e M and 7 e cr*(L). We get 0^-02 = XDs-a{fo), thus 
A > 0. On the other hand —1 — Eji ■ C2 = XEj^ ■ cr(/o), which gives a contradiction. 

Therefore we must have R <^ M\ {Dg, Xg), and by Prop. l^TTI the transform of Ej^ in X 
gives a new divisor Eg+i with the same properties a.s Ei, . . . , Eg (recall that the divisors 
Ei are defined in Lemma 13.91 exactlv as the divisors obtained by applying Prop. [^TTj to 
Eq). In the end, up to replacing s by a bigger number, we can assume that there exists 
an elementary contraction of fiber type (p: Xg — > Y such that Dg ■ NE((/3) > 0; set 
tp := if o a : X ^ Y . 




Since A/i(Ti,Xs) C D^, ip must be finite on Ti, so that dimF > rt — 2. 

3.17. First case: ip is not finite on Dg. In this case NE((^) C Afi{Ds, Xg), therefore 
JVi {Dg , Xg ) — Afi {Xg ) and s = cx- Moreover dim Y — n — 2 and the general fiber of ip is 
a Del Pezzo surface. We also notice that ipoa^Eo finite on {pt} x Fq and contracts /o, 
hence NE((^) = cr*(i?o), and NE(-!/)) is an (s + l)-dimcnsional face of NE(X) containing 
Rq, . . . ,Rg. 

Let's consider the divisor H := 2Eo + J2t=i '-'^ have H ■ Ri > for every 

i = 0, . . . , s, and H-^ D L. Then H is nef and defines a contraction X S such 
that NE(^) = H^n NE(X). For any z = 0, . . . , s the image £,{{pt} x Fi) is a point and 
£,{Ei) = ^{fi) is an irreducible rational curve; in particular dim^(Supp-ff) = 1 and S 
is a surface. 

X^^Xg 

V 

S Y 

Let TT : X —i' S X Y he the morphism induced by ^ and tp. We observe first of all 
that TT is finite: consider an irreducible curve C C X such that £,{C) = {pt}. If C is 
disjoint from SuppiJ = Eq U ■ ■ ■ U Eg, then a{C) C is a curve disjoint from Dg, so 
that ip{C) is a curve. If instead C intersects Eq U ■ ■ ■ U Eg, then it must be contained 
in it, and we have C C {pt} x Fi for some i. This implies that tpiC) is again a curve, 
and also that for every j — 0, . . . ,s we have Ej ■ C — 0, therefore NE(^) C Ej^ and 

E, = e{aEj))- ^ 

In particular, ^ must be equidimensional, hence S is smooth by |ABW92l Prop. 1.4.1] 
and |Cas08l Lemma 3.10]. We need the following two remarks. 

Remark 3.18. Let be a smooth Fano variety and suppose we have two contractions 





such that Wi is smooth and the induced morphism n: W ^ W\ x W2 is finite. Consider 
the relative canonical divisor -fsTiv/Wi ~ t^iKwi- If ker(7r2)* C {Ky^/Wi)'^ in 

Mi{W), then TT is an isomorphism. 
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This is rather standard, we give a proof for the reader's convenience. Let d be the 
degree of tt, and F C W a general fiber of 112; the restriction / := {tti)if ■ F ^ Wi is 
finite of degree d. We observe that F is Fano, hence numerical and linear equivalence 
for divisors in F coincide, and by assumption (J^w/WijiF = 0. Then 

Kp = {Kw)\F = {t^iKwi)\f = f*Kwi, 

so that / is etale. Therefore Wi is Fano too, in particular it is simply connected, thus 
/ is an isomorphism and d ^ 1. 

Remark 3.19. Let X be a smooth projective variety and f : X ^ Y a. contraction 
such that Y is smooth and —Kx is /-ample. Let 13 C X be a smooth prime divisor 
with NE(/) C D^. Then f{D) is a smooth prime divisor. 

Indeed the assumptions imply that f{D) is a divisor and D = f*{f{D)). Let 
y € /(-D) and let g S Oy.y be a local equation for f{D). Then f*{g) is a local equation 
for D near the fiber over y. Since D is smooth, the differential dx{f*{g)) is non-zero, 
where x G f^^{y)- Then dyg is non-zero, hence f{D) is smooth at y. 

We carry on with the proof of Th. 13.31 We want to apply Rem. l3.18l to deduce that 
TT : X — > S* X F is an isomorphism; for this we just need to show that Kx/s ■ Ri = for 
i — 0, . . . , s, because ker-0* = R(i?o -I- • ■ • -|- Rs)- But this follows easily because Ei are 
products. 

Indeed since both S and Ei are smooth, Rem. 13.191 vields that £,{Ei) is a smooth 
curve. Therefore £,{Ei) = and ^i^;. is the projection, hence 

Kx/s ■ fi = {Kx/s)\Ei ■ fi = KE^/^{Ei) ■ fi ^0. 

Thus we conclude that tt is an isomorphism and X ^ S x Y . 

3.20. Second case: (p is finite on Dg- We are in the situation of Lemma [2.61 and 
in fact we have U — X, V = Y. This is because in the special Mori program that 
we have constructed for —Eq, we have s = k and {zi, . . . , i^} — {0, . . . , fc — 1}, hence 
Ak ^ T[ U ■ ■ ■ U (notation as in the proof of Lemma 12.61) . 

So both If and ip ^-re conic bundles, and Y is smooth of dimension n — I. Let 
Zi, . . . , Zs C Y and Ei, . . . , Eg C X he the divisors given by Lemma 12.61 

Fixi € {!,..., s}. We have ^(i^i,^) = R[fi\+Afi{E,r]E,,X), because E,-fi > 0. 
Observe that [fi] Afi{Ei, X): otherwise we would have fi = Xfi + 7, with A G M and 
7 G i C Eq n E^. Intersecting with Ei we get A = — 1, hence Eq ■ fi = —Eq ■ fi < 0, 
which is impossible. Therefore we get Ni{Ei,X) = WJi] Ui{Ei n Ei, X). 

Let's show that codmiXi{Ei Ei,X) = cx + 1 and cod\mMi{Ei,X) = cx- If 
Ei D Eq ^ 0, it must he Eq ■ fi > 0, because ip is finite on Dg. Then as in the 
proof of Lemma [3.81 we see that codimA/i(i?i, X) — cx- If instead Ei Eq ~ 0, then 
Mi{E, n E^, X) C N'i{E,,X) nE^ C Mi{E,, X), which yields codiinN'i{Ei n Ei, X) = 
cx + 1. 

On the other hand Afi {E, ,X) = RR, + Afi{E, n E,, X), hence R^ <;t Afi{E,n%, X). 
For dimensional reasons Mi{Ei n Ei,X) = Mx{Ei,X) r\Mi{Ei,X), and we conclude 
that R, ^JVi{E^,X). 

We finally show that N\{Ei C] Ei,X) = L C E:^. Indeed as in the proof of 
Lemma 13.141 we can apply Prop. [^TT] to Ei starting with the extremal ray Ri, so that 
Ei will be one of the P^-bundles obtained in this way. By Lemma Mi{Ei DEi, X) — 
Mi{E,,X) n E^ = L. Moreover \i j ^ i we have L C J\fi{Ej,X) C E^. 
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Now similarly as before one shows that Ri :— K>o[/i] is an extremal ray of type 
(n - l,n - 2)™ in X, that Ei^F^ x F„ and Ni{{pt} x Fi,X) = L. 

3.21. Observe that NE(?/') — Ri + Ri -\- ■ ■ ■ + Rs + Rs has dimension s + 1, and that 
V'l-Eo : -Eq = X Fq — !> F is finite. We need the following lemma. 

Lemma 3.22. Let E be a projective manifold and ir: E W a ¥^ -bundle with fiber 
f <Z E . Moreover let tpQ: E —i- Y be a morphism onto a projective manifold Y , such 
that dim-0o(/) — 1- Suppose that there exists a prime divisor Z\ <Z Y such that 
J\fi{Zi,Y) C J\fi(Y) and V'o(.^i) • / > 0. Then there is a commutative diagram: 




where Y' is smooth and C, is a smooth morphism with fiber . 

Proof of Lemma \3.22\ Consider the morphism ip: E W xY induced by tt and V'Oj 
set E' :— (t){E) d W xY, and let tt' : E' ^ W he the projection. For every p £ W 
we have n^^{p) = <j)~^{{TT')^^{p)), hence (7r')~^(p) = ipo{n^^{p)) C F is an irreducible 
and reduced rational curve in Y . 

Now tt' : _E' — > is a well defined family of algebraic one-cycles on Y over W (see 
|Kol96l Def. 1.3.11 and Th. 1.3.17]), and induces a morphism l: W Chow(r). Set 
V := o{W) C Chow(X). Then F is a proper, covering family of irreducible and reduced 
rational curves on Y, so that V is an unsplit family (see [Kol96, Def. IV. 2.1]). 

The family V induces an equivalence relation on y as a set, called l^-equivalence; 
we refer the reader to |Deb01[ §5] and references therein for the related definitions and 
properties. 

We have Zi ■ ipo{f) > 0; in particular Zi intersects every l^-equivalence class in Y. 
This implies that 

JViiY) =R[M.f)] + J^iiZi,Y) 

(see for instance |ACO04[ Lemma 4.1]). On the other hand by assumption A/i(Zi, Y) C 
^fliY), therefore [V'o(/)] ^A/^^i,!^). 

Let T C y be a ^-equivalence class, and Ti C T an irreducible closed subset with 
dimTi = dimT. We have J\fi(Ti,Y) = M[V'o(/)] by |Kol96l Prop. IV.3.13.3], and 
TiHZi ^ 0. This implies that dim(ri n Zi) = and dimT = dimTi = 1, that is: 
every V -equivalence class has dimension 1. Then by |BCD07l Prop. 1] there exists a 
contraction Y Y' whose fibers coincide with F-equivalence classes. 

Since Y is smooth, Y' is irreducible, and ( has connected fibers, the general fiber 
of C is irreducible and smooth. Let Iq G Y he such a fiber; then Iq must contain some 
curve of the family V, and we get Iq — i^oifo) — for some fiber /o of tt, and moreover 
~Ky -10 = 2. 

We have NE(C) = M>o[/o]: so —Ky is C-ample; this implies that ( is an elementary 
contraction and a conic bundle, and that Y' is smooth (see |And85[ Th. 3.1]). 

Let now I he any fiber of ^. Then I must contain some curve of the family V, so 
there exists a fiber f of tt such that I D i/'o(/)- We have Iq = I and tpoifo) = V'o(/) 
because they are algebraically equivalent in Y; this gives / = '0o(/) and hence / = fpoif) 
is an integral fiber of C- Therefore C is smooth. ■ 
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Let's carry on with the proof of Th. [331 We have ■ fo = {Ei + Ei) ■ fo > 0, 

and N'i{Zi,Y) C C Afi{Y). Therefore Lemma [3:22] yields that [ipifo)] belongs to 
an extremal ray of NE(y), whose contraction is a smooth conic bundle Y Y'. 

We consider the composition ip' :— ( o ip : X ^ Y'\ the cone NE(?/'') is an (s + 2)- 
dimensional face of NE(X) containing Rq^ Ri, . . . , Rg, Ri, . . . , Rs- 

Now we proceed similarly to the previous case. Let's consider the divisor H' := 
2Eo + 2 J2t=i El + Ei on X. We have H' ■ Rq > 0, H' ■ R, > and H' ■ R, > for 
every i = 1, . . . , s, and {H')^ D L. As before, H' is nef and defines a contraction onto a 
surface X S", such that £^'{Eo), £^'{Ei), and £,'{Ei) are irreducible rational curves 

and Eo = ienCiEo)), E, = = {i'Yii'iE,)) for ah z = 1, . . . , s. 

Then we consider the morphism ii' : X — > S' x Y' induced by ^' and As in 
the previous case, one sees first that tt' is finite, and then that it is an isomorphism, 
applying Rem. 13.181 This concludes the proof of Th. 13.31 for Fano manifolds satisfying 
assumption 13.121 

3.23. Outline of the proof of Th. 13.31 when cx = 3 and X does not satisfy 
assumption 13.121 We consider now a Fano manifold X with cx — 3, having a prime 
divisor D C X with codim7Vi(I?, X) = 3, such that applying Prop. [TT] to D we get 
s = 2. By Rem. 12.71 we are in the hypotheses of Lemma [2.61 so we have divisors Ei, 
E2, El, E2 'Z X , and a birational conic bundle structure on X given by maps 

_ - 

X - -^Xk Y 

where R^ — NE((^) <f_ Mi{Dk,Xk)- Consider the factorization of a given by (|2.3p : 
we keep the same notation as in the proofs of Prop. 12.11 and of Lemma [2. 61 Our first 
goal is to show that k = 2 and a is just the composition of two smooth blow-ups with 
exceptional divisors Ei and £'2. The proof of this fact is quite technical, and will be 
achieved in several steps. 

We first show in ij3. 241 some properties of Ni{Ei,X) which are needed in the sequel. 

In ij3.25l we prove that if C X is a prime divisor whose class in M^{X) spans an 
extremal ray of Eff(A), then F must intersect both Ei U Ei and E2D E2. 

Then we show in i i3.26l that the factorization (|2.3p of a contains only two divi- 
sorial contractions, the ones with exceptional divisors Ei and £'2. We proceed by 
contradiction, applving 13.251 to the exceptional divisor of a divisorial contraction in the 
factorization of a. 

In i) ij3.27l and 13.281 we prove the existence of two disjoint prime divisors F,F C X, 
which are smooth P^-bundles with fibers I C F, I C F such that F ■ I — F ■ I = —1, 
which are horizontal for the rational conic bundle ip: X Y, and intersect the divisors 
El, E2, El, E2 in a suitable way. 

Finally in i) ij3.29l and 13.301 we use F and F to show that the factorization (|2.3|) 
contains no fiips. This means that k — 2, X2 and Y are smooth, a is just a smooth 
blow-up with exceptional divisors Ei and E2, and (p and ip are conic bundles. 

The situation is now analogous to the one in ii3.20l and similarly to that case we 
prove that there is a smooth contraction Y —¥ Y', where dimF' — n — 2 (see ij3.3ip . 
We have px — pv = 4, and the contraction X Y' is fiat and quasi-elementary. 

To conclude, in i i3.32l we show that the conic bundle Lp: X2 Y is smooth. This 
implies that the conic bundle ip: X ^ Y has no non-reduced fibers, and hence by a 
result in [Wis91| both Y and Y' are Fano. 
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3.24. Let X be as in [3?23l and let i e {1,2}. We have codimJ\fi{Ei, X) = 3 by 
LemmaEiHl If [fi] G JVi{Ei,X), then using the sequence (|2.3p one sees that in Xk we 
get [cr(/i)] e J\fi{Ak,Xk) Q J\fi{Dk, Xk), but this is impossible because [^(/i)] G NE((/?), 
and NE(^) J\fiiDk,Xk). Hence [/i] ^ ^(iJi,^) and N'i{E^,X) = R[7,] © A/^i;, n 
Ei,X). Now as in fgiSniwe show that codim7Vi(i^,, X) = 3 and [f,] ^ Ni{Ei,X). 

3.25. Let Eff(X) C A/'^(X) be the convex cone spanned by classes of effective divisors. 
Since X is a Mori dream space, Eff(X) is a closed, convex polyhedral cone, see [HKOOi 
Prop. 1.11(2)]. If f C X is a prime divisor covered by a family of curves with which 
Fq has negative intersection, then it is easy to see that [Fq] G N^{X) spans an extremal 
ray of Eff (X), and that the only prime divisor whose class belongs to this extremal ray 
is i^o itself. In particular, this is true for Ei, E2, Ei, E2. 

Consider now a prime divisor F C X such that [F] spans an extremal ray of Eff (X). 
If F is different from Ei,E2,Ei,E2, then F must intersect both Ei U Ei and E2U E2- 
Indeed if for instance F is disjoint from Ei U Ei, then Afi{Ei,X) U J\fi{Ei,X) C 
E2 n E2 n F^. However this is impossible, because since [E2], [E2], [F] G 7V^(X) 
span three distinct extremal rays of Eff(X), they must be linearly independent, thus 
E2 riE2 nF""- has codimension 3, while TVi {Ei , X) and A/i {Ei , X) are distinct subspaces 
of codimension 3. 

3.26. Let's show that in the factorization (|2.3I) of cr, the only divisorial contractions 
are and tTi^, the smooth blow-ups which give rise to Ei and E2. By contradiction, 
suppose this is not the case, and let i G {0, . . . , fc — 1} be the smallest index for which 
CTi is a divisorial contraction with Ri C J\fi{Di, Xi). Then Exc(cri) C is a prime 
divisor whose class spans an extremal ray of ES{Xi); let G C X be its transform. By 
Lemma 12.61 the divisor G is disjoint from Ei, E2, Ei, E2, hence by 13.251 we know that 
[G] G ^/^{X) cannot span an extremal ray of Eff(X). This means that [G] — J^j ^ji^j] 
with Xj G K>o and Gj C X prime divisors distinct from G. 

On the other hand, the map ^ := Ui-i o • • • o ctq : X Xi induces a surjective 
linear map C* : Af^X) Af^{Xi) such that ^*(Eff(X)) = m{Xi). Then [Exc(cri)] = 
J2j in f^HX,), hence [UGj)] G M>o[Exc((tO] for every j. If e*(G,) ^ 0, we 

get ^*(Gj) = Exc((Ti) and hence Gj = G, a contradiction. Thus the only possibility is 
that S,*{Gj) — for every j, which gives again a contradiction. 

Therefore in the factorization (j2.3p of a every Ui different from and Ui.^ is the 
flip of a small extremal ray. 

3.27. We claim that there exist two disjoint smooth prime divisors F, FcX, different 
from El, E2, El, E2, such that: 

(i) F and F are P^-bundles, with fibers / C F and I C F respectively, such that 
F-l = F-T^ -1; 

(m) the intersections {Ei + Ei) ■ I, {Ei + Ei) ■ T, {E2 + E2) ■ I, {E2 + E2) - fare all 
positive. 

Notice that any F satisfying {i) must intersect both Ei U Ei and E2 U i?2, and the 
intersections {Ei + Ei) ■ I, {E2 + E2) ■ I are either both zero or both positive. 

Consider the divisor Ei, and apply to it Prop. [23] If this yields at least two divisors 
distinct from Ei, then these will be F and F. If this is not the case, it means that 
Prop. [2TT] applied to Ei yields Ei and a divisor F as above; in particular s = 2. Then 
by Rem. 12.71 we can agply Lemma |2.6[ and this gives a third divisor F, disjoint from 
F, and such that Ei ■ I — 1. Then F and F have the desired properties. 
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3.28. As soon as F (respectively F) intersects one of the divisors Ei, then F ■ fi > 
and Ei ■ I > (respectively F ■ fi > and Ei ■ I > 0), and similarly for Ei. 

Indeed, suppose for instance that F n i?i ^ 0. U Ei ■ I — 0, then Ei contains some 
curve I, but this is impossible because {E2 + E2) ■ I > while Ei n {E2 U E2) =0; thus 
-El • / > 0. 

If • /i =0, then F contains some curve fi; let S C F be the surface given by 
the union of the fibers of the P^-bundle which intersect /i. Since Ei ■ fi > 0, we have 
S n El ^0, and there exists an irreducible curve C C S Ci Ei. Therefore C = XI + /.t/i 
with X,fieR; on the other hand C n (£'2 U E2) = and 

= {E2 + E2) ■ C ^ X{E2 + E2) ■ I, 

which yields A = and [/i] e Mi{Ei,X), a contradiction. 

In particular we have F ■ f > and F ■ f > 0, where / is a general fiber of ip. 

3.29. For every i g {0, . . . , fc — 1} let Fi, Fi C Xi be the transforms of F, F. Let's show 
that for any flip ct^ : Xi ---> X^+i of a small extremal ray Ri in the factorization (j2.3|) 
of (7, the divisors Fi and Fi are disjoint from Locus(i?i). 

By contradiction, suppose for instance that this is not true for F, and let j G 
{0, . . . , fc — 1} be the smallest index such that Cj is a flip and Fj intersects Locus(i?j). 
Recall that a is regular on the divisors Ei, E2, Ei, E2, and that Locus{Rj) is disjoint 
from their images in Xj. Since Fj can intersect Aj only along the images of Ei and 
E2, we have Locus(i?j) n Fj n Aj = 0. 

Let aj : Xj — Yj be the contraction of Rj . If aj is flnite on Fj , then Fj ■ Rj > 0, and 
every non trivial fiber of aj must have dimension 1 . If Co C Xj is an irreducible curve 
in a fiber of aj, then Co must intersect Fj, hence Co 2 ^j! in particular Co ^ Sing(Xj) 
(recall that Sing(Xj ) C Aj ). Then |Ish911 Lemma 1] yields -Kx^ - Co < 1, and CasO^l 
Lemma 3.8] implies that Co n Aj = 0. We conclude that Locus(i?j) C Xj \ Aj, but 
this is impossible because a small contraction on a smooth variety cannot have one- 
dimensional fibers, see |AW97[ Th. 4.1]. 

Therefore aj is not finite on Fj, and there exists an irreducible curve Ci C -F} with 
[Ci] e Rj. Consider its transform Ci C F C X, and notice that Ci is disjoint from 

Ei,E2,Ei,E2. ^ ^ 

Recall that F intersects both Ei U Ei and E2 U i?2- We assume that F intersects 
El and E2, the other cases are analogous. Then Ei-l > Q and F r\Ei intersects every 
fiber of the P^-bundle structure on F, so that 

Ci = Xl + fiC2 

where C2 C F n Fi is a curve and A, e R. Therefore = F2 • Ci = XE2 ■ I and 
F2 • ^ > 0, which implies that A = 0, /i > and Ci = /iC2 in X. Since the map 
X Xj is regular over F, we deduce that the image of C2 in Xj has class in Rj, thus 
Locus(i?j) intersects the image of Ei, and we have a contradiction. 

3.30. We show that cr is a morphism and k — 2. If not, the factorization (j2.3D of a 
contains some flips. Let m G {0, . . . , fc — 1} be the largest index such that Um : X^ 
Xm+i is a flip, and let R'm^i be the corresponding small extremal ray of X^+i. Notice 
that Locus{R'„^^i) is the indeterminacy locus of cr"^, and Locus(i?^_|_j) C Am+i- 

We have either X^+i = Xk, or X^+i = Xk-i and au-i a smooth blow-up, or 
Xm+i = Xk-2 and (Tfc_27 0'fc-i smooth blow-ups. In particular the composition Lp := 
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(f o (T/c_i o • • • o a,n+i : Xm^i — !• y is a conic bundle, finite on Locus(-R'„^]^). Since F 
and F have positive intersection with a general fiber of ^f) in X, -Fm+i and F^+i have 
positive intersection with the fibers of (p in Xm^i \ on the other hand -Fm+i and i^m+i 
are disjoint from Locus(i?'„_,_]^). 

As in the proof of Lemma [2. 6 [ using |Cas091 Lemma 3.8] we see that every fiber of 
if which intersects Locus(i?^_|_]^) is integral. 

Let C C Xm+i be an irreducible curve with [C] G R'm+i and S := ip~^{(p{C)). 
Then S is irreducible and the divisors Fm+i, Fm+i intersect S. On the other hand 
Fm+i n Fm^i 5 = 0, because S is disjoint from the images of Ei and E2 in X^+i, so 
that C, i^m+i n S, and i^m+i H S are pairwisc disjoint horizontal curves with respect to 

Let C be an irreducible component of i^m+i H S". Since (p^s is a fibration in P^, 
we have C" = AC + fif where A, /i G R and / C S" is a fiber. Then = F^+i ■ C — 
jiFm+i ■ /, hence fi = and [C] G R'm+i- This yields that Locus{R'^_^_i) Pi Fm+i ^ 0, 
a contradiction. 

3.31. Therefore X has a conic bundle structure ip: X Y such that ip{F) = Y, 
Y is smooth, and px — Py = 3. Recall also from Lemma 12.61 that in Y the divisors 
Zi ~ ip{Ei)^ i — 1,2, are disjoint. The situation is very similar to the case where </? 
is finite on Dg in t j3.201 with the difference that the EiS do not need to be products. 
In the same way we use Lemma [3. 221 to show that [i/'CO] belongs to an extremal ray of 
NE(y), whose contraction is a smooth conic bundle ^ ~> Y' i finite on Zi and Z2] 
in particular Y' is smooth of dimension 71 — 2. The contraction ip' :— C, o il) : X ^ Y' is 
equidimensional and hence flat, and px — Pv = 4. Moreover the general fiber of i]/ is 
a Del Pezzo surface S containing curves /i, /i, /2, /2, ^, hence A/i [S, X) — ker(i/)')* and 
-0' is quasi-elementary. 

X 

- -0' 

^ Y Y' 

3.32. We show that the conic bundle ip: X2 Y is smooth. By contradiction, suppose 
that this is not the case, and let A^p C F be the discriminant divisor of ip. Recall that 
this is an effective, reduced divisor in Y such that (p~^{y) is singular if and only if 
y e A^. 

Consider also the discriminant divisor C F of the conic bundle ip: X Y. 
Since tp is smooth over Zi and Z2, the divisors A^p, Zi, Z2 are pairwise disjoint, and 
U Zi U Z2. 

The fibers ofip over Z1UZ2 are singular but reduced, hence 4'~^{y) is non-reduced if 
and only if <p~^{y) is. Let R C A^ be the set of points y such that il^~^{y) (equivalently, 
p^^[y)) is non-reduced. Then i? is a closed subset of Y, and R C Sing(A^) (see 
for instance |Sar82[ Prop. 1.8(5.c)]). Moreover by |Wis91[ Prop. 4.3] we know that 
—Ky ■ C > for every irreducible curve C CY not contained in R. 

We have codiia J\fi{Zi,Y) < 1 because ({Z,) = Y' for i = 1,2. This yields = 
Z^ = A^ = J\fi{Zi,Y) = 7Vi(Z2,F). The three divisors A^,Zi,Z2 are numerically 
proportional, nef, and cut a facet of NE(y), whose contraction /3: Y — )■ sends 
A^, Zi, Z2 to points. Even if a priori we do not know whether every curve contracted by 
/3 has positive anticanonical degree, the general fiber of /3 is a Fano manifold. Moreover 
NE(/3) is generated by finitely many classes of rational curves (see [Cas08[ Lemma 2.6]). 
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Thus the same proof as |Cas09[ Lemma 4.9] yields that F ^ x Y' , and A<^ — 
{pts} X Y'. 

In particular lS.^p is smooth, so that R — % and Y is Fano. Because F ^ x y' , y' 
is Fano too, so that each connected component of is simply connected. However this 
is impossible, because by a standard construction the conic bundle defines a double 
cover of every irreducible component of A;^, obtained by considering the components 
of the fibers in the appropriate Hilbert scheme of lines, see |Bea77[ §1.5] and |Sar82l 
§1.17]. Since Lp is an elementary contraction, this double cover is non trivial; on the 
other hand it is also etale, because there are no non-reduced fibers, and we have a 
contradiction. 

Therefore p is smooth, hence the conic bundle ip: X ^Y has no non-reduced fibers. 
Again by |Wis91[ Prop. 4.3] we conclude that Y and Y' are Fano. Finally cy < 3 by 
the following remark, which concludes the proof of Th. 13.31 ■ 

Remark 3.33. Let X be a Fano manifold, ip: X ^ Z a. surjective morphism, and 
D d X a. prime divisor. We have Ui{ip{D), Z) = ip^{JVi{D, X)), hence: 

• codimJ\fi{D,X) > codimAfi{p{D), Z); 

• if (p{D) = {pt}, then codimAfi{D, X) > pz; 

• if (p{D) is a curve, then codimJ\fi{D, X) > pz — i- 
In particular, if Z is a Fano manifold, then cz < cx- 

Proof of Th. [TTJ We have cx > codim A/l (D, X) > 3. If cx = 3, we get {ii). If instead 
cx > 4, applying iteratively Th. 13.31 we can write X = Si x ■ ■ ■ x Sr 'x Z , where Si are 
Del Pezzo surfaces, r > 1, and cz < 3. 

If D dominates Z under the projection, up to reordering Si, . . . , Sr we can assume 
that D dominates iS'2 Z. Then codimJVi{D,X) < ps, - I (see Ex. [23]), 

and we get (i). 

Suppose instead that D ^ Si Dz, where Dz C is a prime divisor. 

Then 

3>cz> codim J\fi{Dz..Z) = codim7Vi(D, X) > 3, 

and the inequalities above are equalities. Therefore we have a flat, quasi-elementary 
contraction Z W, where W is a, Fano manifold with dimM^ — dimZ — 2, and 
Pz — Pw — 4. Then the induced contraction X Si x ■ ■ ■ x S,- x W satisfies (ii). ■ 

We conclude section 3 proving the corollaries stated in the introduction. 

Proof of Cor. Suppose that X is not a product of a Del Pezzo surface with another 
variety. Then by Th. 13.31 cjc = 3 and there is a quasi-elementary contraction X — > y 
where y is a Fano manifold, dimy — n~2, and px ^ pv — 4:. li n — 4, [CasOSi Th. 1.1] 
implies that py < 2, hence px < 6. The case n — 5 follows similarly. ■ 

Corollary 3.34 (Images of divisors under a contraction). Let X be a Fano manifold, 
D d X a prime divisor, and ip: X ^ Z a contraction. Then codim Afi(ip(D), Z) < 8. 

Suppose moreover that codim Afi{ip{D) , Z) > 4. Then X = S x Y and Z T x W , 
where S is a Del Pezzo surface, T is a blow-down of S , and one of the following holds: 

(i) ipiD) is a divisor in Z , and dominates W under the projection; 

(ii) ip{D) — {p} X W and D = C x Y , where C <Z S is a curve contracted to p ^ T. 
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Proof. We have codim M {(fiD), Z) < 8 by Rem. l333l and Th. O 

Suppose that codimAfi{ip{D), Z) > 4. Then X = S x Y where S" is a Del Pezzo 

surface, and D dominates Y under the projection. Therefore Z ^ T x W, ip is induced 

by two contractions S ^ T and Y — > W, and f{D) dominates W under the projection. 
In particular dimAfi{(p{D), Z) > pw, hence pT > codimJ\fi{(p{D), Z) > 4. This 

implies that dimT = 2, thus T is a blow-down of S, and ip{D) has codimcnsion 1 or 2 

in Z. 

If fiD) is a divisor, we have (i). Suppose that codim 1^9(1?) — 2, and consider 

the factorization otipasSxY^TxY^TxW. Then ^ = (Ht,/) induces 
an isomorphism T x {y} — >■ T x {f{y)} for every y Y. If y is general, we have 
dimip{D)r\{Tx{f{y)}) = and VP) H (T x {y}) ^ ip{D) n {T x {f (y)}) . This implies 
that i^{D) has codimcnsion 2 in T x y, hence D is an exceptional divisor of V', which 
gives the statement. ■ 

Proof of Cor. | j. 7[ By taking the Stein factorization, we can factor Lp as X^W ^Z, 
where is a contraction and W ^ Z is finite. In particular pw > pz, and there is 
a prime divisor D C X such that tpi^) is a point, hence codimA/i(V'(-D), VF) = pw- 
Then Cor. 13.341 yields that pw < 8, and if pw > 4, then X = S x Y where S a Del 
Pezzo surface, is a smooth surface and a blow-down of S", and D — C x Y where 
C C S" is a curve contracted in W. This gives the statement. ■ 

The proof of Cor. 11.81 is similar to that of Cor. 13.341 while Cor. I I.IH follows directly 
from Th. 11.11 For the proof of Cor. II. 9[ we need the following remark. 

Remark 3.35. Let X be a smooth projective variety and f : X Y a. contraction 
such that —Kx is /-ample. Let D C X be a smooth prime divisor with NE(/) C D^, 
and let f{DY — > f{D) be the normalization. Then the morphism fo'-D^ f{DY 
induced by /p is a contraction, and —Kjy is //j-ample. 

Indeed, fo is surjective with connected fibers onto a normal projective variety, hence 
a contraction. Let i: 13 ^ X be the inclusion and take 7 G NE(Z3) n ker(/£i)* with 
7 7^ 0. Then uij) e NE(X) n ker/,, so that 

-Kd ■ 7 = -{Kx + D) ■ i,(7) = ~Kx ■ = {-Kx)\d ■ 7 > 0, 
and —Kd is /c-ample. 

Proof of Cor. \1.9[ By Cor. 11.81 and 11.71 we can assume that pT — 4: and that ip is 
equidimensional. Moreover, by taking the Stein factorization, we can assume that if is 
a contraction. Therefore T is a smooth rational surface by |ABW92l Prop. 1.4.1] and 
|Cas08[ Lemma 3.10]. 

Let D C X he a. prime divisor such that (p{D) C T. If codim7\/i(I3, X) > 4, then 
X = S X Y where S* is a Del Pezzo surface, and D dominates Y under the projection. 
Since T ^ ¥^ x P^, ip must factor through the projection S x Y ^ S, hence T is a 
blow-down of S, and we have the statement. 

Therefore we can assume that codimA/i(I3, X) < 3 for every prime divisor D d X 
such that ip{D) C T. On the other hand Rem. 157551 gives codim A/i {D, X) > px — I — 3, 
thus equality holds. This means that codimA/i(£', X) = codim 1^9* (A/i (-D, X)), hence 
^fliD,X) D keiip^ 

We know by [Cas08[ Lemma 2.6] that NE(r) is a closed polyhedral cone, and that 
for every extremal ray R of NE(T) there exists an elementary contraction ip: T Ti 
with NE(V') = R. 
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Fix such an elementary contraction ■0. Since px = 4:^ ip must be birational, and 
C := Eixcijp) is an irreducible curve. Moreover ip lifts to an elementary contraction of 
type (n — l,n — 2)*"" in X (see |Cas08[ § 2.5]); if C X is the exceptional divisor, we 
have ip{E) = C. 

Take an irreducible curve C C T disjoint from C, and choose a prime divisor 
D C X such that ip{D) = C". Then E D D = 9 and D Mi{D,X) D kei ip^, hence 
E — ip*{C). Since both T and £^ are smooth, Rem. 13.191 yields that C is smooth, so 
that C = P^. Moreover by Rem. I3.35l the restriction (p^^ E ^ C is a contraction of E 
such that —Ke is (^|£;-ample. Thus [ CasOQ. Lemma 4.9] yields that E = x A, where 
A is smooth. In particular, if is smooth over C. 

Consider the minimal closed subset A C T such that ip is smooth over T \ A. 
We have shown that A is disjoint from Locus(i?) for every extremal ray R of NE(T), 
therefore A must be a finite set. Then (p is quasi-elementary by |Cas08i Lemma 3.3], 
and |Cas08[ Th. 1.1] yields X xY. ■ 

Proof of Cor. \1.1(A By taking the Stein factorization, we can assume that (p is a con- 
traction. Then [CasOSi Lemma 2.6] yields that the cone NE(r) is closed and polyhe- 
dral, and for every extremal ray R there exists an elementary contraction oi T with 
NE(V') = R- We assume that pz > 6, and consider the possible elementary contractions 
of Z. 

If Z has a divisorial elementary contraction with exceptional divisor E (Z Z , then 
dim7Vi(-E, Z) < 2, and we get the statement by Cor. 13.341 

If Z has an elementary contraction of type (1, 0), its lifting in X (see [CasOSi § 2.5]) 
must be an elementary contraction of type (n — 1, n — 2)"™, whose exceptional divisor 
is sent to a curve by p>. Then Cor. 11.81 vields that Z is smooth and Fano, so it cannot 
have small contractions, a contradiction. 

Finally if Z has an elementary contraction onto a surface T, then px > 5, so we get 
the statement from Cor. 11.91 ■ 

Corollary 3.36 (Exceptional divisors). Let X be a Fano manifold and R a divisorial 
extremal ray with E = Locus(i?). Then one of the following holds: 

(i) codimM(£^,^) < 3; 

(m) X ^ S X Y where S is a Del Pezzo surface, and the contraction of R is S xY ^ 
T X Y induced by the contraction of a (—1)- curve in S . In particular T x Y is 
again Fano, R is of type (n — l,n — 2)'*"% and R is the unique extremal ray of 
NE(X) having negative intersection with E. 

This corollary recovers the main result of |Cas09| . which shows that if X has an el- 
ementary contraction of type (n — 1,1), then px < 5. Indeed in this case one has 
dimJ^i{E,X) = 2. 

Proof of Cor. CQgl If codimA/'i(i;, X) > 4, by Th. Owe have X = S xY with S a 
Del Pezzo surface, and E dominates Y under the projection. Then R must correspond 
to a divisorial extremal ray either of S or of Y, in particular E itself is a product. Since 
we cannot have E — S x Ey, we get the statement. ■ 

Remark 3.37. Let S* be a smooth surface with ps > 3, and Y an {n — 2)-dimensional 
manifold. Let a: X — ;> S' x F be the blow-up of a smooth, irreducible subvariety 
A C S X Y , and suppose that X is Fano. 

Then either X = SxYotX9^SxY, where S ^ S and F — > F are smooth 
blow-ups. 
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Proof. Let tts S x Y ^ S he the projection. If Trs{A) = S, then tt^ o cr is a quasi- 
elementary contraction, and [CasOSi Th. 1.1] imphes that X = S x Y. Therefore 
A = S X Ay, Y is the blow-up of Y along Ay, and we have the statement. 

Set E := Exc((t) C X. Then Kx = (7*{Ksxy) + (codimA - 1)E, and using 
the projection formula we see that — i^sxy • C > for every irreducible curve C not 
contained in A. 

Suppose that its{A) = p £ S, so that A <Z {p} x Y, and let {p,q) e A. If C C 5 
is an irreducible curve, the curve C x {q} is not contained in A, and —Ks ■ C — 
—KsxY ■ (C X {q}) > 0, hence is a Del Pezzo surface; in particular S is covered by 
curves of anticanonical degree at most 2. Now suppose that p £ C and —Ks ■ C < 2, 
and let C C X be the transform of C x {(7}. Then i?-C > 0, and again by the projection 
formula we get 1 < —Kx • C < 3 — codim^l, hence codim^ = 2. This implies that 
A = {p} X Y and X ^ S x Y, where S is the blow-up of S in p. 

Finally let's suppose that 7Ts{A) is a curve, and show that this gives a contradiction. 
We claim that there exists a (— l)-curve Ci C 5 such that Ci fl tts{A) ^ and Ci 7^ 
ns{A). This is clear if S is Del Pezzo, because in this case NE(5') is generated by classes 
of (— l)-curves. If S is not Del Pezzo, it means that tts{A) ■ S < 0. On the other hand 
since X is rationally connected, S* is a rational surface with ps > 3, hence S is obtained 
by a sequence of blow-ups from , and ns {A) must meet some exceptional curve of 
these blow-ups. 

Now if p G Ci n ITS (A), there exists q e Y such that (p, g) e A. Then Ci x {q} 
has anticanonical degree 1, intersects A, and is not contained in A, which is impossible 
because its tranform in X would have non positive anticanonical degree. I 

4 The 4-dimensional case 

In this section we consider some applications of our results to the case of dimension 4. 
By |Cas09[ Cor. 1.3] we know that if X is a Fano 4-fold with px > 7, then either X is 
a product, or every extremal ray of X is of type (3, 2) or (2, 0). 

Corollary 4.1. Let X be a Fano A-fold with px > 7. 

// R is an extremal ray of type (3, 2) with exceptional divisor Ej^, then R is the 
unique extremal ray having negative intersection with Er. 

If E G X is a prime divisor which is a smooth -bundle with E ■ f = —1 where 
f C E is a fiber, then IR>o[/] is an extremal ray of type (3, 2)"'" in X . 

Proof. We show the second statement, the proof of the first one being similar. 

We can assume that X is not a product of Del Pezzo surfaces, so that dim A/i(£', X) > 

5 by Cor. 11.31 Let Ri, . . . , Rh be the extremal rays of NE(X) having negative intersec- 
tion with E (notice that h > 1), and fix i e {1, . . . , h}. 

Recall that Ri is of type (3,2) or (2,0). If Ri is small, then E D Locus(i?i) and 
[/] ^ Ri- Hence Locus(i?i) is 2-dimensional, meets every fiber of the P^-bundle structure 
on E, and dimA/i (Locus (i?^ ), X) = 1. This yields dimA/i(-E,X) = 2, a contradiction. 
Therefore Ri is of type (3, 2). 

This implies that -Kx+E is nef, and F := i?i H \-Rh = {-Kx + E)-^ HNEiX) 

is a face containing [/]. If dimF > 1, any 2-dimensional face of F yields a contraction 
of X onto Z with pz = px ^ 2 > 5, sending E to a point or to a curve; this contradicts 
Cor.OorllHl Thus /i = 1 and F = R>o[/]. ■ 
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Proof of Prop. \1.4\ Part (i) follows from Cor. 11.31 For the other statements, by taking 
the Stein factorization, we can assume that the morphism is in fact a contraction of X. 
Then (m) follows from (i). 

For (Hi), let ip: X S he a contraction with ps > 1, and assume that px > 12. 
If S has a morphism onto P^, the statement follows from (m). Otherwise S has a 
birational elementary contraction, which lifts to an extremal ray R of type (3, 2y™ in 
X (see [Cas08[ § 2.5]); let E be the exceptional divisor. By Cor. 14.11 E is (p-nei, so that 
we can factor as 




S 



where NE(V') = E-^ n NE((/j), ipiE) is a cartier divisor in T, E = i/;* {ip{E)), and 
ipiE) ■ C > for every curve C C T contracted by 77. Since f{E) is a curve, 77 must be 
birational. Therefore up to replacing tp with ip, we can assume that E^ D NE{ip). 
Now ii^ is a smooth P^-bundle, and by Rem. 13.351 Lp\ f induces a contraction E 
= ipiE)" with -Ke relatively ample. So ^Cas09i Lemma 4.9] yields that E^F^xA 
for A a Del Fezzo surface; in particular E is Fano, and we get the statement from (i). 

Part (iv) is proved as Cor. 11.101 using Cor. 11.31 Finally (v) follows again from 
Cor. O and Rem. U 

Remark 4.2. Let X be a Fano manifold and D C X a. prime divisor. Suppose 
that there exist three distinct divisorial extremal rays Ri, R2, R3 such that D does not 
intersect Ei\JE2UE3, where Ei is the exceptional divisor oi Ri. Then codimA/i(D, X) > 
3, so that Th. Oapphes to X and D. Indeed [Ei], [E2], [E3] e Af^iX) are linearly 
independent because they span three distinct extremal rays of Eff (X), and A/i {D, X) C 
E^ n E2 n Ej^. In particular, if n = 4, then Cor. 11.31 implies that either px < Q or X 
is a product of Del Pezzo surfaces. 

Corollary 4.3. Let X be a Fano A-fold with px > 7, and Ri, R2 two extremal rays of 
type (3,2). 

If El ■ R2 > and E2 ■ Ri = 0, then X is a product of Del Pezzo surfaces. 

If El ■ R2 > and E2 ■ Ri > 0, then any face of NE(X) containing both Ri and R2 
yields a contraction of fiber type. 

If El ■ R2 ~ E2 ■ Ri — 0, then Ri + R2 is a face o/NE(X) with birational contraction. 

Proof EEi-R2>0 and E2-Ri ^ 0, we have dimM {E2 , X) < 1+dimM [Ei nE2 , X) = 
3, so the statement follows from Cor. 11.31 

The case where Ei ■ R2 > and E2 ■ Ri > is well-known; one just observes that 
ii ipi : X ^ Yi is the contraction of Ri, and C C X is a curve with class in R2, then 
fi{E2) ■ (}pi)*{C) > 0, thus any contraction of Yi which sends (pi{C) to a point is of 
fiber type. 

Suppose that i?i •i?2 — E2-Ri =0. By Cor. 14. H i?, is the unique extremal ray having 
negative intersection with Ei, so —KX+E1+E2 is nef and {—Kx+Ei+E2)'^r\lSlE{X) = 
Ri + i?2 is a face of NE(X). The associated contraction has exceptional locus Ei D E2, 
thus it is birational. ■ 
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Remark 4.4. Let X be a Fano 4-fold with px > 13, and assume that X is not a 
product. Consider a contraction (p: X ^ Z with pz > 5. We sum up here what we 
can say on ip. 

We know that tp is birational, has no divisorial fibers, and has at most finitely many 
2-dimensional fibers, by Prop. FOl In particular is a semismall map, see |CM02] . 

We can then apply |AW97[ Th. 4.7] to any 2-dimensional fiber of ip, and deduce 
that 

Exc((p) = EiU ■ ■ -U ErU LilJ ■ ■ -U Lt 

where every Lj is a connected component of Exc(i^), Lj ^ P'^, A/^ ./x — C'(— 1)©C'(— 1), 
and ip{Lj) is a non Gorenstein point of Z. 

Each Ei is the locus of an extremal ray Ri of type (3,2), and (p{Ei) is a surface. 
We have Ei ■ Rj ~ for every j ^ i, but each Ei must intersect all other -Ej 's, except 
at most two. This follows from Rem 14.21 and Cor. 14.31 

Whenever Ei and Ej intersect, each connected component of Ei D Ej is a fiber of 
(fi isomorphic to x P^ with normal bundle £'(—1,0) ® 0(0, —1), and its image is a 
smooth point of Z . 

Finally (p can have other 2-dimensional fibers in EiU- ■ -UEr, isomorphic to P^ or to a 
(possibly singular) quadric, whose images are isolated Gorenstein terminal singularities 
in Z . 

We also notice that —Ei is (p-nef, and that there is a face F of NE((^) which contains 
exactly all small extremal rays in NE(</3). We have 



NE((^) = F + Ri 
and ip can be factored as 



Rr and dim NE((^) = dim F + r, 
X 





Z 

where NE(-!/;) = |-i?r, NE(^) = F, Exc(V') = EiU- ■ -UEr, Exc(^) 

and W is Gorenstein Fano with isolated terminal singularities. 
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